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Àííîòàöèÿ

Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàåòñÿ íà÷àëüíî-êðàåâàÿ çàäà÷à äëÿ îä-

íîìåðíîé ìîäåëè áàðîòðîïíîé äèíàìèêè ñæèìàåìûõ âÿçêèõ ìíîãîêîì-

ïîíåíòíûõ ñðåä, îïèñûâàåìîé ñèñòåìîé óðàâíåíèé, ïðåäñòàâëÿþùèõ ñî-

áîé îáîáùåíèå óðàâíåíèé Íàâüå-Ñòîêñà. Â îòëè÷èå îò óðàâíåíèé Íàâüå-

Ñòîêñà, ãäå âÿçêîñòü ÿâëÿåòñÿ ñêàëÿðíîé âåëè÷èíîé, â ìíîãîêîìïîíåíò-

íîì ñëó÷àå âÿçêîñòè îáðàçóþò ìàòðèöó âÿçêîñòåé, îòðàæàþùóþ ñîñòàâ-

íóþ ñòðóêòóðó òåíçîðîâ âÿçêèõ íàïðÿæåíèé. Ýòî ïðèâîäèò ê ïðèñóò-

ñòâèþ â èññëåäóåìûõ óðàâíåíèÿõ ñòàðøèõ ïðîèçâîäíûõ îò ñêîðîñòåé

âñåõ êîìïîíåíò, ÷òî ñóùåñòâåííî óñëîæíÿåò ìàòåìàòè÷åñêèé àíàëèç.

Äèàãîíàëüíûå ýëåìåíòû ìàòðèöû âÿçêîñòåé îòâå÷àþò çà âÿçêîå òðå-

íèå âíóòðè êàæäîé êîìïîíåíòû, òîãäà êàê íåäèàãîíàëüíûå ýëåìåíòû

îòâå÷àþò çà ìåæêîìïîíåíòíîå âÿçêîå âçàèìîäåéñòâèå. Òàêàÿ ñòðóêòó-

ðà èñêëþ÷àåò âîçìîæíîñòü íåïîñðåäñòâåííîãî ïåðåíîñà ñóùåñòâóþùèõ

òåîðåòè÷åñêèõ ðåçóëüòàòîâ, ïîëó÷åííûõ äëÿ óðàâíåíèé Íàâüå-Ñòîêñà,

íà ìíîãîêîìïîíåíòíûå ìîäåëè. Â ñëó÷àå äèàãîíàëüíîé ìàòðèöû âÿçêî-

ñòåé êîìïîíåíòû ñâÿçàíû ëèøü ÷åðåç ìëàäøèå ÷ëåíû, ÷òî çíà÷èòåëüíî

óïðîùàåò ñèòóàöèþ. Íàñòîÿùåå èññëåäîâàíèå ïîñâÿùåíî îáîñíîâàíèþ

ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ íà÷àëüíî-êðàåâîé çàäà÷è äëÿ

îäíîìåðíûõ áàðîòðîïíûõ óðàâíåíèé äèíàìèêè ñæèìàåìûõ âÿçêèõ ìíî-

ãîêîìïîíåíòíûõ ñðåä â áîëåå îáùåì ñëó÷àå, êîãäà ìàòðèöà âÿçêîñòåé

îáëàäàåò íåäèàãîíàëüíîé ñòðóêòóðîé.
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Abstra
t

In the present paper, we 
onsider the initial-boundary value problem

for a one-dimensional model of barotropi
 dynami
s of 
ompressible

vis
ous multi
omponent media, des
ribed by a system of equations

that generalizes the Navier-Stokes equations. Unlike the Navier-

Stokes equations, where vis
osity is a s
alar quantity, in the

multi
omponent 
ase the vis
osities form a vis
osity matrix re�e
ting

the 
omposite stru
ture of the vis
ous stress tensors. This leads

to the presen
e of higher-order derivatives of the velo
ities of all


omponents in the equations under study, whi
h substantially 
ompli
ates

the mathemati
al analysis. The diagonal entries of the vis
osity matrix

a

ount for the vis
ous fri
tion inside ea
h 
omponent, while the o�-diagonal

entries a

ount for the inter
omponent vis
ous intera
tion.
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In the 
ase of a diagonal vis
osity matrix, the 
omponents are 
oupled

only through lower-order terms, whi
h simpli�es the situation signi�
antly.

The present study is devoted to establishing the existen
e and uniqueness

of a solution to the initial-boundary value problem for one-dimensional

barotropi
 equations of dynami
s of 
ompressible vis
ous multi
omponent

media in the more general 
ase where the vis
osity matrix has a non-

diagonal stru
ture.
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� 1. Ââåäåíèå è ïîñòàíîâêà çàäà÷è

Â çàìêíóòîé îáëàñòè QT = [0, T ]× [0, 1], T = const > 0 òðåáóåòñÿ îïðå-

äåëèòü ïëîòíîñòü ρ(t, x) > 0 ìíîãîêîìïîíåíòíîé ñðåäû è ñêîðîñòè ui(t, x)
äëÿ êàæäîé êîìïîíåíòû ñ íîìåðîì i = 1, . . . , N , êîòîðûå óäîâëåòâîðÿþò

ñëåäóþùåé ñèñòåìå óðàâíåíèé, íà÷àëüíûõ è êðàåâûõ óñëîâèé [1℄-[3℄:

∂ρ

∂t
+

∂(ρv)

∂x
= 0, (1.1)

ρ

(
∂ui

∂t
+ v

∂ui

∂x

)
+ αi

∂P (ρ)

∂x
=

N∑

j=1

νij
∂2uj

∂x2
, i = 1, . . . , N, (1.2)

ρ|t=0 = ρ0(x), ui|t=0 = u0i(x), i = 1, . . . , N, (1.3)

ui|x=0 = ui|x=1 = 0, i = 1, . . . , N. (1.4)

Çäåñü v =

N∑

j=1

αjuj � ñðåäíåâçâåøåííàÿ ñêîðîñòü, αj = const > 0,

N∑

j=1

αj = 1; P (ρ) � äàâëåíèå, êîòîðîå îïðåäåëÿåòñÿ ïëîòíîñòüþ ρ, ïðè÷åì
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P ∈ C1(0,∞), P > 0 è P ′ > 0; ρ0(x), u0i(x) � èçâåñòíûå �óíêöèè íà÷àëü-

íûõ äàííûõ; êîý��èöèåíòû âÿçêîñòåé νij îáðàçóþò ñèììåòðè÷íóþ ïîëî-

æèòåëüíî îïðåäåëåííóþ ìàòðèöóN, òî åñòü

N∑

i,j=1

νijλiλj > C1(N)

N∑

i=1

λ2
i äëÿ

ëþáûõ λi ∈ R 
 íåêîòîðîé ïîëîæèòåëüíîé ïîñòîÿííîé C1 (áåç îãðàíè÷åíèÿ

îáùíîñòè áóäåì ñ÷èòàòü, ÷òî C1 < 1).

Ñèñòåìà (1.1), (1.2) ïðåäñòàâëÿåò ñîáîé îáîáùåíèå îäíîìåðíîé ñèñòåìû

óðàâíåíèé Íàâüå-Ñòîêñà äëÿ îäíîêîìïîíåíòíîé ñðåäû íà ñëó÷àé ìíîãî-

êîìïîíåíòíîé ñìåñè. Åe õàðàêòåðíîé îñîáåííîñòüþ ÿâëÿåòñÿ ïðèñóòñòâèå

ïðîèçâîäíûõ âòîðîãî ïîðÿäêà îò ñêîðîñòåé âñåõ êîìïîíåíò â óðàâíåíèÿõ

(1.2). Â îòëè÷èå îò óðàâíåíèé Íàâüå-Ñòîêñà, ãäå âÿçêîñòü ÿâëÿåòñÿ ñêà-

ëÿðîì, â ìíîãîêîìïîíåíòíîé ñðåäå êîý��èöèåíòû âÿçêîñòåé νij îáðàçóþò
ìàòðèöó âÿçêîñòåéN, îòðàæàþùóþ ñîñòàâíóþ ñòðóêòóðó òåíçîðîâ âÿçêèõ

íàïðÿæåíèé [1℄-[8℄. Äèàãîíàëüíûå ýëåìåíòû ìàòðèöû âÿçêîñòåé îòâå÷à-

þò çà âÿçêîå òðåíèå âíóòðè êàæäîé êîìïîíåíòû, òîãäà êàê íåäèàãîíàëü-

íûå ýëåìåíòû îòâå÷àþò çà ìåæêîìïîíåíòíîå âÿçêîå âçàèìîäåéñòâèå. Â

ñëó÷àå äèàãîíàëüíîé ìàòðèöû âÿçêîñòåé êîìïîíåíòû ñâÿçàíû òîëüêî ÷å-

ðåç ìëàäøèå ÷ëåíû, ÷òî ñóùåñòâåííî óïðîùàåò àíàëèç. Îäíàêî â îáùåì

ñëó÷àå, ðàññìàòðèâàåìîì â äàííîé ðàáîòå, òàêàÿ ñòðóêòóðà íå ïîçâîëÿ-

åò íàïðÿìóþ ïåðåíîñèòü ñóùåñòâóþùèå òåîðåòè÷åñêèå ðåçóëüòàòû, ïîëó-

÷åííûå äëÿ óðàâíåíèé Íàâüå�Ñòîêñà [9℄-[17℄ íà ìíîãîêîìïîíåíòíûå ìîäå-

ëè. Öåëüþ ðàáîòû ÿâëÿåòñÿ äîêàçàòåëüñòâî ñóùåñòâîâàíèÿ è åäèíñòâåí-

íîñòè ðåøåíèÿ íà÷àëüíî-êðàåâîé çàäà÷è (1.1)-(1.4) áåç êàêèõ-ëèáî óïðî-

ùàþùèõ ïðåäïîëîæåíèé î ñòðóêòóðå N, êðîìå ñòàíäàðòíûõ �èçè÷åñêèõ

òðåáîâàíèé ñèììåòðè÷íîñòè è ïîëîæèòåëüíîé îïðåäåëåííîñòè. Âîïðîñû

îäíîçíà÷íîé ðàçðåøèìîñòè äëÿ óðàâíåíèé (1.1), (1.2) â ÷àñòíîì ñëó÷àå

P (ρ) = Kργ , K = const > 0, γ = const > 1 èçó÷àëèñü â ðàáîòàõ [18℄-[20℄,

äëÿ ðîäñòâåííûõ ìîäåëåé ìíîãîêîìïîíåíòíûõ ñðåä � â ðàáîòàõ [21℄-[27℄.

Îïðåäåëåíèå 1.1. Ñèëüíûì ðåøåíèåì çàäà÷è (1.1)-(1.4) áóäåì íàçû-

âàòü ñîâîêóïíîñòü �óíêöèé (ρ, u1, . . . , uN), òàêèõ ÷òî äëÿ âñåõ i = 1, . . . , N

ρ > 0, ρ ∈ L∞
(
0, T ;W 1,2(0, 1)

)
,

∂ρ

∂t
∈ L∞

(
0, T ;L2(0, 1)

)
,

ui ∈ L∞
(
0, T ;W 1,2(0, 1)

)⋂
L2
(
0, T ;W 2,2(0, 1)

)
,

∂ui

∂t
∈ L2(QT ),

(1.5)

óðàâíåíèÿ (1.1), (1.2) âûïîëíåíû ïî÷òè âñþäó â QT , íà÷àëüíûå óñëîâèÿ

(1.3) � äëÿ ïî÷òè âñåõ x ∈ (0, 1), à êðàåâûå óñëîâèÿ (1.4) � äëÿ ïî÷òè âñåõ

t ∈ (0, T ).
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Òåîðåìà 1.1. Ïóñòü íà÷àëüíûå äàííûå óäîâëåòâîðÿþò óñëîâèÿì

ρ0 ∈ W 1,2(0, 1), ρ0 > 0,

u0i ∈ W 1,2(0, 1), u0i|x=0 = u0i|x=1 = 0, i = 1, . . . , N.
(1.6)

Òîãäà ñóùåñòâóåò åäèíñòâåííîå ñèëüíîå ðåøåíèå çàäà÷è (1.1)-(1.4).

Äîêàçàòåëüñòâî òåîðåìû 1.1 áóäåò ïðîâåäåíî â ïàðàãðà�àõ 2-6. Â ïà-

ðàãðà�å 2 îáîñíîâûâàåòñÿ ðàçðåøèìîñòü ïðèáëèæåííîé íà÷àëüíî-êðàåâîé

çàäà÷è, ïîëó÷åííîé èç (1.1)-(1.4) ïðèìåíåíèåì ìåòîäà �àëåðêèíà. Â ïàðà-

ãðà�å 3 óñòàíàâëèâàþòñÿ ðàâíîìåðíûå îöåíêè ãàëåðêèíñêèõ ïðèáëèæå-

íèé, íà îñíîâàíèè êîòîðûõ â ïàðàãðà�å 4 îñóùåñòâëÿåòñÿ ñîîòâåòñòâóþ-

ùèé ïðåäåëüíûé ïåðåõîä, òåì ñàìûì îáîñíîâûâàÿ ëîêàëüíîå ïî âðåìåíè

ñóùåñòâîâàíèå ðåøåíèÿ çàäà÷è (1.1)-(1.4). Â ïàðàãðà�å 5 âûâîäÿòñÿ àïðè-

îðíûå îöåíêè, çàâèñÿùèå ëèøü îò âõîäíûõ äàííûõ çàäà÷è, èç êîòîðûõ, ñ

ó÷åòîì ëîêàëüíîé ðàçðåøèìîñòè, íåïîñðåäñòâåííî âûòåêàåò ñóùåñòâîâà-

íèå ñèëüíîãî ðåøåíèÿ çàäà÷è (1.1)-(1.4). Ïàðàãðà� 6 ïîñâÿùåí îáîñíîâà-

íèþ åäèíñòâåííîñòè äàííîãî ðåøåíèÿ è çàâåðøàåò äîêàçàòåëüñòâî òåîðå-

ìû 1.1.

� 2. Ïîñòðîåíèå ãàëåðêèíñêèõ ïðèáëèæåíèé

íà÷àëüíî-êðàåâîé çàäà÷è

�àññìîòðèì âñïîìîãàòåëüíóþ çàäà÷ó ñ íåèçâåñòíûìè ρn(t, x) è σn
is(t),

i = 1, . . . , N , s = 1, . . . , n, n ∈ N

∂ρn

∂t
+

∂(ρnvn)

∂x
= 0, vn =

N∑

j=1

αju
n
j , (2.1)

∫ 1

0

(
ρn

∂un
i

∂t
+ ρnvn

∂un
i

∂x
+ αi

∂P (ρn)

∂x
−

N∑

j=1

νij
∂2un

j

∂x2

)
sin (πsx) dx = 0, (2.2)

ρn|t=0 = ρ0(x), un
i |t=0 =

n∑

k=1

σn
0ik sin (πkx), (2.3)

ãäå un
i =

n∑

k=1

σn
ik(t) sin(πkx), σ

n
0is = σn

is(0) = 2

∫ 1

0

u0i(x) sin (πsx) dx, ïîëó-

÷åííóþ èç (1.1)-(1.4) ïðèìåíåíèåì ìåòîäà �àëåðêèíà.

Ëåììà 2.1. Â óñëîâèÿõ òåîðåìû 1.1 ñóùåñòâóåò tn ∈ (0, T ) è íàáîð

ρn > 0, ρn ∈ L∞
(
0, tn;W 1,2(0, 1)

)⋂
W 1,∞

(
0, tn;L2(0, 1)

)
,

σn
is ∈ C1[0, tn], i = 1, . . . , N, s = 1, . . . , n,

(2.4)
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ÿâëÿþùèéñÿ ðåøåíèåì ïðèáëèæåííîé çàäà÷è (2.1)-(2.3) â îáëàñòè

Qtn = (0, tn)× (0, 1).

Äîêàçàòåëüñòâî. Çà�èêñèðóåì ïðîèçâîëüíî tn ∈ (0, T ). Â äàëüíåé-

øåì, äëÿ óäîáñòâà çàïèñè, ñîãëàñèìñÿ îïóñêàòü èíäåêñû n äëÿ ãàëåð-

êèíñêèõ ïðèáëèæåíèé äî êîíöà ïàðàãðà�à 3. Ïóñòü òàêæå âûðàæåíèÿ

Ci(·), i ∈ N îáîçíà÷àþò ïîëîæèòåëüíûå ïîñòîÿííûå, çàâèñÿùèå îò ïåðå-

÷èñëåííûõ â ñêîáêàõ ïàðàìåòðîâ. Îïðåäåëèì ìíîæåñòâî

V =
{
σ ∈ (C[0, tn])nN : σ(0) = σ0, ‖σ‖(C[0,tn])nN 6 c

}
,

ãäå σ = (σ1, . . . ,σN), σi = (σi1, . . . , σin), σ0 = (σ01, . . . ,σ0N),
σ0i = (σ0i1, . . . , σ0in),

c2 =

((
inf

x∈[0,1]
ρ0

)
−1

+ sup
x∈[0,1]

ρ0

)2

e2Nn‖σ0‖2RnN + 1.

Ïîñòðîèì îïåðàòîð Λ : V → (C[0, tn])nN ïî ïðàâèëó Λ(σ) = θ,

θ = (θ1, . . . , θN), θi = (θi1, . . . , θin), i = 1, . . . , N , ãäå θ îïðåäåëÿåòñÿ ñëåäó-

þùèì ñïîñîáîì. Ñíà÷àëà íàéäåì �óíêöèþ

ρ > 0, ρ ∈ L∞
(
0, tn;W 1,2(0, 1)

)⋂
W 1,∞

(
0, tn;L2(0, 1)

)

êàê ðåøåíèå çàäà÷è Êîøè (2.1), (2.3), ãäå v =
N∑

j=1

αjuj,

uj =

n∑

k=1

σjk(t) sin(πkx) (ñì. [28℄). Äàëåå, îïðåäåëèì θ êàê ðåøåíèå ñëå-

äóþùåé çàäà÷è Êîøè äëÿ ñèñòåìû nN ëèíåéíûõ îáûêíîâåííûõ äè��å-

ðåíöèàëüíûõ óðàâíåíèé ïåðâîãî ïîðÿäêà:

∫ 1

0

(
ρ
∂Ui

∂t
+ ρv

∂Ui

∂x
+ αi

∂P (ρ)

∂x

−
N∑

j=1

νij
∂2Uj

∂x2

)
sin (πsx) dx = 0, i = 1, . . . , N, s = 1, . . . , n,

(2.5)

θ(0) = σ0, (2.6)

ãäå Ui =

n∑

k=1

θik(t) sin (πkx), i = 1, . . . , N . Ïîêàæåì êîððåêòíîñòü òàêîãî
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îïðåäåëåíèÿ. Cíà÷àëà çàìåòèì, ÷òî ò. ê.

(
inf

x∈[0,1]
ρ0

)
exp

{
−
∫ t

0

sup
x∈[0,1]

∣∣∣∣
∂v

∂x

∣∣∣∣dτ
}

6 ρ(t, x)

6

(
sup

x∈[0,1]

ρ0

)
exp

{∫ t

0

sup
x∈[0,1]

∣∣∣∣
∂v

∂x

∣∣∣∣dτ
}
,

(2.7)

òî, â ñèëó âêëþ÷åíèÿ σ ∈ V , âûáèðàÿ tn 6 (πn2Nc)−1
, ïîëó÷àåì îöåíêó

C−1
2 6 ρ(t, x) 6 C2, ãäå C2 =

((
inf

x∈[0,1]
ρ0

)
−1

+ sup
x∈[0,1]

ρ0

)
e. (2.8)

Äàëåå, ïðåäñòàâèì ñèñòåìó (2.5) â ìàòðè÷íîì âèäå

A(t)
dθ

dt
+B(t)θ +C(t) = 0.

Íåñëîæíî ïðîâåðèòü, ÷òî ìàòðèöû A(t), B(t) è âåêòîð C(t) çäåñü ñîñòîÿò
èç íåïðåðûâíûõ ïî t �óíêöèé. Áîëåå òîãî, ìàòðèöà A(t) èìååò áëî÷íî-

äèàãîíàëüíûé âèä:

A(t) =




A(t) 0 . . . 0
0 A(t) . . . 0
.

.

.

.

.

.

.

.

.

.

.

.

0 0 . . . A(t)


 ,

ãäå

A(t) =




∫ 1

0

ρ sin(πx) sin(πx)dx · · ·
∫ 1

0

ρ sin(πx) sin(πnx)dx

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.∫ 1

0

ρ sin(πx) sin(πnx)dx · · ·
∫ 1

0

ρ sin(πnx) sin(πnx)dx




.

Òàêèì îáðàçîì, detA(t) = (detA(t))N , ãäå A(t) � ìàòðèöà �ðàìà ëèíåéíî-

íåçàâèñèìîãî íàáîðà ñèíóñîâ ñî ñêàëÿðíûì ïðîèçâåäåíèåì èìåþùèì âåñ

ρ. Ó÷èòûâàÿ (2.8), îïðåäåëèòåëü detA(t) ïîëîæèòåëåí è îòäåëåí îò íóëÿ,

ïîýòîìó, A
−1(t) îïðåäåëåíà è íåïðåðûâíà. Ïîñêîëüêó ñèñòåìà (2.5) ìîæåò
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áûòü ðàçðåøåíà îòíîñèòåëüíî ïðîèçâîäíîé, çàäà÷à Êîøè (2.5)-(2.6) èìå-

åò ðåøåíèå θ(t) ∈ (C1[0, tn])nN , ÷òî îáîñíîâûâàåò êîððåêòíîñòü äàííîãî

ïîñòðîåíèÿ.

Çàìåòèì, ÷òî íàëè÷èå íåïîäâèæíîé òî÷êè îïåðàòîðà Λ ðàâíîñèëüíî

ðàçðåøèìîñòè çàäà÷è (2.1)-(2.3). Ïîêàæåì, ÷òî ïðè äîñòàòî÷íî ìàëîì tn

îïåðàòîð óäîâëåòâîðÿåò óñëîâèÿì òåîðåìû Øàóäåðà î íåïîäâèæíîé òî÷-

êå (ñì., [10℄, ñ. 39), à èìåííî: 1) V � âûïóêëîå çàìêíóòîå îãðàíè÷åííîå

ìíîæåñòâî; 2) Λ : V → V ; 3) Λ � âïîëíå íåïðåðûâíûé îïåðàòîð.

Â íàøåì ñëó÷àå óñëîâèå 1) âûïîëíåíî àâòîìàòè÷åñêè. Äîêàæåì âêëþ-

÷åíèå Λ(V ) ⊂ V . Óìíîæèì óðàâíåíèå (2.5) íà θis(t) è ïðîñóììèðóåì ïî

i = 1, . . . , N , s = 1, . . . , n, ïîëó÷èì

1

2

d

dt

(
N∑

i=1

∫ 1

0

ρU2
i dx

)
+

N∑

i,j=1

νij

∫ 1

0

∂Ui

∂x

∂Uj

∂x
dx

= −
N∑

i=1

∫ 1

0

αi
∂P (ρ)

∂x
Ui dx.

(2.9)

Â ñèëó ïîëîæèòåëüíîé îïðåäåëåííîñòè N, íåðàâåíñòâà Êîøè è îöåíêè

(2.8), èìååì

N∑

i,j=1

νij

∫ 1

0

∂Ui

∂x

∂Uj

∂x
dx > C1

N∑

i=1

∫ 1

0

(
∂Ui

∂x

)2

dx,

−
N∑

i=1

∫ 1

0

αi
∂P (ρ)

∂x
Ui dx 6

C1

2

N∑

i=1

∫ 1

0

(
∂Ui

∂x

)2

dx+
N

2C1

(
P (C2)

)2
,

îòêóäà, ñ ó÷åòîì (2.9), ïîëó÷àåì

d

dt

(
N∑

i=1

∫ 1

0

ρU2
i dx

)
+ C1

N∑

i=1

∫ 1

0

(
∂Ui

∂x

)2

dx 6
N

C1

(
P (C2)

)2
.

Ïîýòîìó, ñïðàâåäëèâà îöåíêà

N∑

i=1

∫ 1

0

ρU2
i dx 6

N∑

i=1

∫ 1

0

ρ0U
2
0i dx+

Ntn

C1

(
P (C2)

)2
,

èç êîòîðîé, ñ ó÷åòîì (2.8) è î÷åâèäíûõ ðàâåíñòâ

∫ 1

0

U2
i dx =

1

2

n∑

k=1

θ2ik,

∫ 1

0

U2
0idx =

1

2

n∑

k=1

σ2
0ik,
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ñëåäóåò íåðàâåíñòâî

N∑

i=1

n∑

k=1

θ2ik 6 C2
2‖σ0‖2RnN +

2C2t
nN

C1

(
P (C2)

)2
.

Òàêèì îáðàçîì, âûáèðàÿ tn = min

{
T, 1/πn2Nc, C1/2C2nN

2
(
P (C2)

)2}
,

ïîëó÷èì íóæíóþ îöåíêó

‖θ‖(C[0,tn])nN 6 c, (2.10)

êîòîðàÿ, âìåñòå ñ (2.6), îáîñíîâûâàåò âêëþ÷åíèå θ ∈ V , òî åñòü Λ(V ) ⊂ V .
Óñòàíîâèì òåïåðü êîìïàêòíîñòü îïåðàòîðà Λ. Óìíîæèì (2.5) íà θ′is(t)

è ïðîñóììèðóåì ïî i = 1, . . . , N , s = 1, . . . , n, ïîëó÷èì

N∑

i=1

∫ 1

0

ρ

(
∂Ui

∂t

)2

dx = −
N∑

i=1

∫ 1

0

ρv
∂Ui

∂x

∂Ui

∂t
dx−

N∑

i=1

∫ 1

0

αi
∂P (ρ)

∂x

∂Ui

∂t
dx

+

N∑

i,j=1

∫ 1

0

νij
∂2Uj

∂x2

∂Ui

∂t
dx. (2.11)

�àññìîòðèì êàæäîå ñëàãàåìîå â (2.11) îòäåëüíî. Â ñèëó îöåíêè (2.10),

èìååì íåðàâåíñòâà

v2 6 n2c2N2,
(∂Ui

∂x

)2
6 π2c2n4,

ñ ïîìîùüþ êîòîðûõ è íåðàâåíñòâà Êîøè, óñòàíîâèì

−
N∑

i=1

∫ 1

0

ρv
∂Ui

∂x

∂Ui

∂t
dx 6

1

6

N∑

i=1

∫ 1

0

ρ
(∂Ui

∂t

)2
dx+ C3(C2, N, c, n). (2.12)

Äàëåå, èíòåãðèðóÿ ïî ÷àñòÿì è ïðèìåíÿÿ íåðàâåíñòâî Êîøè, ïîëó÷èì

−
N∑

i=1

∫ 1

0

αi
∂P (ρ)

∂x

∂Ui

∂t
dx 6

1

6π2n2C2

N∑

i=1

∫ 1

0

( ∂2Ui

∂t∂x

)2
dx

+
3π2n2C2N

2

(
P (C2)

)2
,

îòêóäà è èç îöåíêè

N∑

i=1

∫ 1

0

( ∂2Ui

∂t∂x

)2
dx 6 π2n2C2

N∑

i=1

∫ 1

0

ρ
(∂Ui

∂t

)2
dx,
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ñëåäóåò, ÷òî

−
N∑

i=1

∫ 1

0

αi
∂P (ρ)

∂x

∂Ui

∂t
dx 6

1

6

N∑

i=1

∫ 1

0

ρ
(∂Ui

∂t

)2
dx

+ C4(C2, P (C2), N, n).

(2.13)

Íàêîíåö, ïðèìåíÿÿ íåðàâåíñòâî Êîøè è (2.10), íåñëîæíî ïîëó÷èòü

N∑

i,j=1

νij

∫ 1

0

∂2Uj

∂x2

∂Ui

∂t
dx 6

1

6

N∑

i=1

∫ 1

0

ρ
(∂Ui

∂t

)2
dx+ C5(C2,N, N, c, n). (2.14)

Â èòîãå, èç (2.11), ïðèâëåêàÿ (2.12)�(2.14), ïðèõîäèì ê îöåíêå

N∑

i=1

∫ 1

0

(∂Ui

∂t

)2
dx 6 C6(C2, C3, C4, C5). (2.15)

Íî òîãäà, ñ ó÷åòîì (2.10) è (2.15), ïîëó÷àåì îöåíêó íà ‖θ‖(W 1,2(0,tn))nN
, ò. å.

îãðàíè÷åííîñòü ìíîæåñòâà Λ(V ) â ïðîñòðàíñòâå (W 1,2(0, tn))nN , îòêóäà,
èñïîëüçóÿ èçâåñòíîå êîìïàêòíîå âëîæåíèå W 1,2(0, tn) →֒→֒ C[0, tn], óñòà-
íàâëèâàåòñÿ îòíîñèòåëüíàÿ êîìïàêòíîñòü ìíîæåñòâà Λ(V ) â (C[0, tn])nN .
Òàêèì îáðàçîì, îïåðàòîð Λ êîìïàêòåí, è îñòàåòñÿ îáîñíîâàòü ëèøü åãî

íåïðåðûâíîñòü.

Ïóñòü ρ ∈ L∞
(
0, tn;W 1,2(0, 1)

)⋂
W 1,∞

(
0, tn;L2(0, 1)

)
� ðåøåíèå ïîä-

çàäà÷è (2.1) è (2.3) äëÿ íåêîòîðîãî σ ∈ V . Ïðîäè��åðåíöèðóåì ïåðâîå

óðàâíåíèå â (2.1) ïî x, óìíîæèì íà

∂ρ

∂x
, ïðîèíòåãðèðóåì ïî x è âîñïîëü-

çóåìñÿ èíòåãðèðîâàíèåì ïî ÷àñòÿì, ïîëó÷èì, ÷òî

d

dt

∫ 1

0

(
∂ρ

∂x

)2

dx = −3

∫ 1

0

∂v

∂x

(
∂ρ

∂x

)2

dx+

∫ 1

0

ρ2
∂3v

∂x3
dx,

è, ñëåäîâàòåëüíî,

∫ 1

0

(
∂ρ

∂x

)2

dx 6

∫ 1

0

(ρ′0)
2dx+ 3

∫ t

0

sup
x∈[0,1]

∣∣∣∣
∂v

∂x

∣∣∣∣
∫ 1

0

(
∂ρ

∂x

)2

dxdτ

+

∫ t

0

∫ 1

0

ρ2
∣∣∣∣
∂3v

∂x3

∣∣∣∣dxdτ.
(2.16)

Ñ ó÷åòîì (2.8) è σ ∈ V , èç (2.16) è íåðàâåíñòâà �ðîíóîëëà ñëåäóåò îöåíêà

∥∥∥∥
∂ρ

∂x

∥∥∥∥
L2(0,1)

6 C7

(
C2, ‖ρ′0‖L2(0,1), N, c, n, tn

)
. (2.17)
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Îáðàòèì âíèìàíèå íà òî, ÷òî âûâîä îöåíêè (2.17) òðåáóåò áîëåå âû-

ñîêîé ãëàäêîñòè îò ρ, ÷åì ãàðàíòèðóåòñÿ íà÷àëüíûìè äàííûìè. Òåì íå

ìåíåå, îöåíêà (2.17) íå òðåáóåò òàêèõ äîïîëíèòåëüíûõ ïðåäïîëîæåíèé î

ãëàäêîñòè. Ýòî ãîâîðèò î òîì, ÷òî äàííàÿ îöåíêà ìîæåò áûòü ïîëó÷åíà èç

îöåíêè äëÿ ñãëàæåííîé ρε, ïîñòðîåííîé ïî ñãëàæåííûì íà÷àëüíûì äàí-

íûì ρε0, ïóòåì ïðåäåëüíîãî ïåðåõîäà ïî ïàðàìåòðó ε > 0. Äåéñòâèòåëüíî,
ïóñòü ρε ∈ L∞

(
0, tε,n;W 2,2(0, 1)

)⋂
W 1,∞

(
0, tε,n;W 1,2(0, 1)

)
� ðåøåíèå (2.1)

ñ íà÷àëüíûìè äàííûìè

ρε|t=0 = ρε0 ∈ W 2,2(0, 1), ‖ρ0 − ρε0‖W 1,2(0,1) → 0 ïðè ε → 0 + .

Ñ ó÷åòîì ñõîäèìîñòè ‖ρ0 − ρε0‖W 1,2(0,1) → 0, èìååì

1

2

(
inf

x∈[0,1]
ρ0

)
6

(
inf

x∈[0,1]
ρε0

)
6 2
(

inf
x∈[0,1]

ρ0

)
,

1

2

(
sup

x∈[0,1]

ρ0

)
6

(
sup

x∈[0,1]

ρε0

)
6 2
(

sup
x∈[0,1]

ρ0

)
,

1

2
‖ρ′0‖L2(0,1) 6 ‖ρε′0 ‖L2(0,1) 6 2‖ρ′0‖L2(0,1),

è ïîýòîìó (ïåðåîáîçíà÷àÿ âñå ðàíåå ââåäåííûå êîíñòàíòû, ïðè íåîáõîäè-

ìîñòè), ñïðàâåäëèâû ðàâíîìåðíûå îöåíêè äëÿ t ∈ (0, tn) ⊂ (0, tε,n):

C−1
2 6 ρε 6 C2,

∥∥∥∥
∂ρε

∂x

∥∥∥∥
L2(0,1)

6 C7. (2.18)

Èç îãðàíè÷åííîñòè ρε â L∞(Qtn) è
∂ρε

∂x
â L∞(0, tn;L2(0, 1)), èìååì (ïåðåõîäÿ

ê ïîäïîñëåäîâàòåëüíîñòè, ïðè íåîáõîäèìîñòè) ñõîäèìîñòè ïðè ε → 0+:

ρε → ρ ∗ −ñëàáî â L∞(Qtn),
∂ρε

∂x
→ ∂ρ

∂x
∗ −ñëàáî â L∞(0, tn;L2(0, 1)).

Ïðèâëåêàÿ ïåðâîå óðàâíåíèå â (2.1) è îöåíêè (2.18), èìååì ðàâíîìåðíóþ ïî

ε îãðàíè÷åííîñòü
∂ρε

∂t
â L∞(0, tn;L2(0, 1)), îòêóäà ñëåäóåò êàê ñõîäèìîñòü

∂ρε

∂t
→ ∂ρ

∂t
∗ −ñëàáî â L∞(0, tn;L2(0, 1)),

òàê è, ïî òåîðåìå Àñêîëè-Àðöåëà (ñì., [29℄, ñ. 58), ñõîäèìîñòü

ρε → ρ ñèëüíî â C([0, tn];L2(0, 1)),
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èç êîòîðîé, â ñâîþ î÷åðåäü, ñëåäóåò, ÷òî

ρ|t=0 = ρ0 ïî÷òè âñþäó â L2(0, 1).

Òàêèì îáðàçîì, ρ åñòü ðåøåíèå ïîäçàäà÷è (2.1) è (2.3), ò. å. ρ = ρ è îöåí-

êà (2.17) ñïðàâåäëèâà áåç äîïîëíèòåëüíûõ òðåáîâàíèé íà ãëàäêîñòü íà-

÷àëüíûõ äàííûõ. Â äàëüíåéøåì, ëþáûå îöåíêè ïîëó÷åííûå ïîâûøåíèåì

ãëàäêîñòè ïðè èõ âûâîäå ñëåäóåò ïîíèìàòü òàêèì ñïîñîáîì.

Ïóñòü σ(1,2) ∈ V , θ
(1,2) = Λ(σ(1,2)), u

(1,2)
i =

n∑

k=1

σ
(1,2)
ik sin (πkx),

U
(1,2)
i =

n∑

k=1

θ
(1,2)
ik sin (πkx), i = 1, . . . , N , ρ(1,2) � ðåøåíèÿ çàäà÷ Êîøè (2.1),

(2.3), ãäå âìåñòî v ñòîÿò v(1,2) =

N∑

j=1

αju
(1,2)
j ñîîòâåòñòâåííî. Îáîçíà÷èì

ui = u
(1)
i − u

(2)
i , Ui = U

(1)
i − U

(2)
i , i = 1, . . . , N , v = v(1) − v(2), ρ = ρ(1) − ρ(2).

Èç (2.1) è (2.3) äëÿ âåëè÷èí ρ(1), ρ(2) ñëåäóþò ñîîòíîøåíèÿ

∂ρ

∂t
+

∂

∂x
(ρv(1)) +

∂

∂x
(ρ(2)v) = 0, ρ|t=0 = 0. (2.19)

Óìíîæèì (2.19) íà ρ è ïðîèíòåãðèðóåì ïî x, ïîëó÷èì ðàâåíñòâî

1

2

d

dt

∫ 1

0

ρ2dx = −
∫ 1

0

(
1

2
ρ2

∂v(1)

∂x
+ ρ(2)ρ

∂v

∂x
+

∂ρ(2)

∂x
ρv

)
dx,

îòêóäà è èç íåðàâåíñòâà Êîøè, ñëåäóåò ñîîòíîøåíèå

d

dt

∫ 1

0

ρ2dx 6 sup
x∈[0,1]

∣∣∣∣
∂v(1)

∂x

∣∣∣∣
∫ 1

0

ρ2dx+

∫ 1

0

(∂v
∂x

)2
dx+ (C2

2 + 1)

∫ 1

0

ρ2dx

+
(

sup
x∈[0,1]

|v|
)2 ∫ 1

0

(∂ρ(2)
∂x

)2
dx.

Èñïîëüçóÿ íåðàâåíñòâà

(
sup

x∈(0,1)

|v|
)2

6

∫ 1

0

(∂v
∂x

)2
dx,

( N∑

i=1

∂ui

∂x

)2

6 N

N∑

i=1

(∂ui

∂x

)2
,

ñ ó÷åòîì (2.8), (2.17) è íà÷àëüíûõ äàííûõ â (2.19), ïîëó÷èì

∫ 1

0

ρ2dx 6

∫ t

0

(cNπn2 + C2
2 + 1)

(∫ 1

0

ρ2dx

)
dτ

+

∫ t

0

N(C2
7 + 1)

(
N∑

i=1

∫ 1

0

(∂ui

∂x

)2
dx

)
dτ.
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Ïîýòîìó, ñ ïîìîùüþ íåðàâåíñòâà

∫ 1

0

(∂ui

∂x

)2
dx 6 π2n2

∫ 1

0

u2
idx,

ïðèâëåêàÿ íåðàâåíñòâî �ðîíóîëëà ê âûøå ïîëó÷åííîìó, óñòàíîâèì îöåíêó

∫ 1

0

ρ2 dx 6 C8(C2, C7, N, c, n, tn)
N∑

i=1

∫ t

0

∫ 1

0

u2
i dxdτ. (2.20)

Óìíîæèì òåïåðü (2.5) íà θ
(1,2)
is (t) äëÿ U

(1)
i è U

(2)
i ñîîòâåòñòâåííî, ïðî-

ñóììèðóåì ïî i = 1, . . . , N , s = 1, . . . , n, âû÷òåì âòîðîå ðàâåíñòâî èç ïåð-

âîãî, è ïðîèíòåãðèðóåì ïî t, ïîëó÷èì

1

2

N∑

i=1

∫ 1

0

ρ(1)U2
i dx+

N∑

i,j=1

νij

∫ t

0

∫ 1

0

∂Ui

∂x

∂Uj

∂x
dxdτ

=

N∑

i=1

αi

∫ t

0

∫ 1

0

(
P (ρ(1))− P (ρ(2))

)∂Ui

∂x
dxdτ −

N∑

i=1

∫ t

0

∫ 1

0

ρUi
∂U

(2)
i

∂τ
dxdτ

−
N∑

i=1

∫ t

0

∫ 1

0

ρ(1)vUi
∂U

(2)
i

∂x
dxdτ −

N∑

i=1

∫ t

0

∫ 1

0

ρv(2)Ui
∂U

(2)
i

∂x
dxdτ. (2.21)

Áëàãîäàðÿ (2.8) è ïîëîæèòåëüíîé îïðåäåëåííîñòè N, ñëàãàåìûå â ëåâîé

÷àñòè ðàâåíñòâà (2.21) äîïóñêàþò ñëåäóþùèå îöåíêè:

1

2

N∑

i=1

∫ 1

0

ρ(1)U2
i dx >

1

2C2

N∑

i=1

∫ 1

0

U2
i dx,

N∑

i,j=1

νij

∫ t

0

∫ 1

0

∂Ui

∂x

∂Uj

∂x
dxdτ > C1

N∑

i=1

∫ t

0

∫ 1

0

(∂Ui

∂x

)2
dxdτ.

Ïðèâëåêàÿ òåîðåìó Ëàãðàíæà î êîíå÷íûõ ïðèðàùåíèÿõ, ñ ïîìîùüþ íåðà-

âåíñòâà Êîøè è îöåíêè (2.20), ïîëó÷èì

N∑

i=1

αi

∫ t

0

∫ 1

0

(
P (ρ(1))− P (ρ(2))

)∂Ui

∂x
dxdτ 6

C1

2

N∑

i=1

∫ t

0

∫ 1

0

(∂Ui

∂x

)2
dxdτ

+ C9

(
C1, C8, max

[C−1

2
,C2]

P ′, N, tn
) N∑

i=1

∫ t

0

∫ 1

0

u2
idxdτ.
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Äàëåå, èñïîëüçóÿ íåðàâåíñòâî

U2
i 6 2n

∫ 1

0

U2
i dx,

âíîâü ïðèâëåêàÿ íåðàâåíñòâî Êîøè, 
 ïîìîùüþ îöåíîê (2.15) è (2.20) óñòà-

íîâèì, ÷òî

−
N∑

i=1

∫ t

0

∫ 1

0

ρUi
∂U

(2)
i

∂τ
dxdτ 6

1

4C2

sup
τ∈[0,t]

N∑

i=1

∫ 1

0

U2
i dx

+ C10(C2, C6, C8, N, n, tn)

N∑

i=1

∫ t

0

∫ 1

0

u2
idxdτ.

Íàêîíåö, èñïîëüçóÿ íåðàâåíñòâî Êîøè, ïîëó÷àåì ñëåäóþùèå îöåíêè äëÿ

ïîñëåäíèõ äâóõ ñëàãàåìûõ â (2.21):

−
N∑

i=1

∫ t

0

∫ 1

0

ρ(1)vUi
∂U

(2)
i

∂x
dxdτ 6

1

2

N∑

i=1

∫ t

0

∫ 1

0

U2
i dxdτ

+ C11(C2, N, c, n)

N∑

i=1

∫ t

0

∫ 1

0

u2
idxdτ,

−
N∑

i=1

∫ t

0

∫ 1

0

ρv(2)Ui
∂U

(2)
i

∂x
dxdτ 6 C12(N, c, n)

N∑

i=1

∫ t

0

∫ 1

0

U2
i dxdτ

+ C13(C8, N, tn)

N∑

i=1

∫ t

0

∫ 1

0

u2
idxdτ.

Òàêèì îáðàçîì, èç ðàâåíñòâà (2.21), âûøå óñòàíîâëåííûõ îöåíîê è íåðà-

âåíñòâà �ðîíóîëëà, ïîëó÷àåì, ÷òî

N∑

i=1

∫ 1

0

U2
i dx 6 C14

(
C2, C9, C10, C11, C12, C13, t

n
) N∑

i=1

∫ t

0

∫ 1

0

u2
idx dτ,

îòêóäà íåïîñðåäñòâåííî ñëåäóåò íóæíîå íåðàâåíñòâî

‖θ(1) − θ
(2)‖(C[0,tn])nN 6 C15(C14, N, n, tn)‖σ(1) − σ

(2)‖(C[0,tn])nN ,

òåì ñàìûì îáîñíîâûâàÿ íåïðåðûâíîñòü îïåðàòîðà Λ. Ïîñêîëüêó âûïîëíå-

íû âñå óñëîâèÿ òåîðåìû Øàóäåðà, ñóùåñòâóåò íåïîäâèæíàÿ òî÷êà σ ∈ V
îïåðàòîðà Λ, êîòîðàÿ âìåñòå ñ �óíêöèåé ρ îïðåäåëÿåò ðåøåíèå ïðèáëè-

æåííîé çàäà÷è (2.1)-(2.3). Ëåììà 2.1 äîêàçàíà.
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� 3. �àâíîìåðíûå îöåíêè ãàëåðêèíñêèõ ïðèáëèæåíèé

Äëÿ êàæäîãî n ∈ N ñóùåñòâóåò ðåøåíèå ïðèáëèæåííîé çàäà÷è (2.1)-

(2.3) îïðåäåëåííîå íà (0, tn). Íåñîìíåííî tn → 0 ïðè n → ∞, ïîýòîìó

íåîáõîäèìî óñòàíîâèòü ñóùåñòâîâàíèå êàæäîãî ïðèáëèæåíèÿ íà (0, t0) äëÿ
íåêîòîðîãî t0 ∈ (0, T ) íåçàâèñÿùåãî îò ïàðàìåòðà ïðèáëèæåíèÿ n. Íà ñà-
ìîì äåëå, äîñòàòî÷íî îáîñíîâàòü ñóùåñòâîâàíèå òàêîãî t0, äëÿ êîòîðîãî

èìååò ìåñòî ðàâíîìåðíàÿ àïðèîðíàÿ îöåíêà �óíêöèîíàëüíûõ íîðì ïðè-

áëèæåíèé â Qt0 = (0, t0) × (0, 1). Íàëè÷èå òàêîé àïðèîðíîé îöåíêè, êàê

õîðîøî èçâåñòíî, ãàðàíòèðóåò ñóùåñòâîâàíèå ïðèáëèæåííîãî ðåøåíèÿ íà

èíòåðâàëå åå äåéñòâèÿ.

Ëåììà 3.1. Â óñëîâèÿõ òåîðåìû 1.1 ñóùåñòâóåò t0 ∈ (0, T ), çàâèñÿùåå
ëèøü îò âõîäíûõ äàííûõ çàäà÷è (1.1)-(1.4), òàêîå, ÷òî â ïðåäïîëîæåíèè

ñóùåñòâîâàíèÿ ðåøåíèÿ ïðèáëèæåííîé çàäà÷è (2.1)-(2.3) â îáëàñòè Qt0

èìååò ìåñòî îöåíêà

N∑

i=1

(
‖ui‖L∞(0,t0;W 1,2(0,1)) + ‖ui‖L2(0,t0;W 2,2(0,1)) +

∥∥∥∥
∂ui

∂t

∥∥∥∥
L2(Qt0

)

)

+ ‖ρ‖L∞(0,t0;W 1,2(0,1)) +

∥∥∥∥
∂ρ

∂t

∥∥∥∥
L∞(0,t0;L2(0,1))

+ ‖1/ρ‖L∞(Qt0
) 6 C16,

(3.1)

ãäå êîíñòàíòà C16 çàâèñèò ëèøü îò t0 è âõîäíûõ äàííûõ çàäà÷è (1.1)-(1.4),

íî íå çàâèñèò îò n.

Äîêàçàòåëüñòâî. Îïðåäåëèì âåëè÷èíû

η(t) =
N∑

i=1

∫ t

0

∫ 1

0

(
ρ
(∂ui

∂τ

)2
+
(∂2ui

∂x2

)2)
dxdτ,

ξ(t) =
1

2

N∑

i=1

∫ 1

0

ρ
(∂ui

∂x

)2
dx+

1

2

N∑

i,j=1

νij

∫ 1

0

∂ui

∂x

∂uj

∂x
dx.

Èç ðàâåíñòâà

∫ 1

0

∂ui

∂x
dx = 0 ñëåäóåò ñóùåñòâîâàíèå ci(t) ∈ [0, 1] òàêîãî,

÷òî

∂ui

∂x
(t, ci(t)) = 0. Íî òîãäà, èñïîëüçóÿ íåðàâåíñòâî Êîøè, ïîëó÷èì, ÷òî

∣∣∣∣
∂ui

∂x

∣∣∣∣ =
∣∣∣∣
∫ x

ci(t)

∂2ui

∂y2
dy

∣∣∣∣ 6
1

2

∫ 1

0

(∂2ui

∂x2

)2
dx+

1

2
,
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è, ñëåäîâàòåëüíî, ñ ó÷åòîì (2.7), ïðèõîäèì ê îöåíêå

C−1
17 e

−C17η(t) 6 ρ(t, x) 6 C17e
C17η(t), (3.2)

ãäå C17 = C17

(
sup
[0,1]

ρ0, inf
[0,1]

ρ0, N, T
)
.

Ïîäåëèì ïåðâîå óðàâíåíèå â (2.1) íà ρ2 è ïðîäè��åðåíöèðóåì ïî x,
ïîëó÷èì ñîîòíîøåíèå

ρ
∂2

∂t∂x

(1
ρ

)
+ ρv

∂2

∂x2

(1
ρ

)
=

∂2v

∂x2
,

êîòîðîå óìíîæèì íà

∂

∂x

(1
ρ

)
, ïðîèíòåãðèðóåì ïî x, è, ñíîâà ïðèâëåêàÿ

(2.1), óñòàíîâèì ñëåäóþùåå ðàâåíñòâî:

d

dt

∫ 1

0

ρ
( ∂

∂x

(1
ρ

))2
dx = 2

∫ 1

0

∂

∂x

(1
ρ

)∂2v

∂x2
dx.

Èíòåãðèðóÿ åãî ïî t è ïðèìåíÿÿ íåðàâåíñòâî Êîøè, ïîëó÷àåì îöåíêó

∫ 1

0

ρ
( ∂

∂x

(1
ρ

))2
dx 6

∥∥∥ρ′0/ρ
3/2
0

∥∥∥
2

L2(0,1)
+

∫ t

0

∫ 1

0

ρ
( ∂

∂x

(1
ρ

))2
dxdτ

+

∫ t

0

∫ 1

0

1

ρ

(∂2v

∂x2

)2
dxdτ,

îòêóäà, ñ ó÷åòîì (3.2) è íåðàâåíñòâà �ðîíóîëëà, ñëåäóåò

∫ 1

0

( ∂

∂x

(1
ρ

))2
dx+

∫ 1

0

(∂ρ
∂x

)2
dx 6 C18e

C18η(t), (3.3)

ãäå C18 = C18

(
C17,

∥∥∥ρ′0/ρ
3/2
0

∥∥∥
L2(0,1)

, N, T

)
.

Äàëåå, óìíîæàÿ (2.2) íà σ′

is(t) + π2s2σis(t), ñóììèðóÿ ïî i = 1, . . . , N ,

s = 1, . . . , n, ïðèâëåêàÿ (2.1) è ñèììåòðè÷íîñòü ìàòðèöû N, ïðèõîäèì ê

ñîîòíîøåíèþ

N∑

i=1

∫ 1

0

ρ
(∂ui

∂t

)2
dx+

N∑

i,j=1

νij

∫ 1

0

∂2ui

∂x2

∂2uj

∂x2
dx

+
1

2

d

dt

N∑

i=1

∫ 1

0

ρ
(∂ui

∂x

)2
dx+

1

2

d

dt

N∑

i,j=1

νij

∫ 1

0

∂ui

∂x

∂uj

∂x
dx

= −
N∑

i=1

∫ 1

0

ρv
∂ui

∂t

∂ui

∂x
dx−

N∑

i=1

∫ 1

0

αi
∂P (ρ)

∂x

∂ui

∂t
dx+

N∑

i=1

∫ 1

0

αi
∂P (ρ)

∂x

∂2ui

∂x2
dx

+
N∑

i=1

∫ 1

0

2ρv
∂ui

∂x

∂2ui

∂x2
dx−

N∑

i=1

∫ 1

0

∂ρ

∂x

∂ui

∂t

∂ui

∂x
dx. (3.4)
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Áëàãîäàðÿ ïîëîæèòåëüíîé îïðåäåëåííîñòè N, ëåâàÿ ÷àñòü (3.4) äîïóñêàåò

ñëåäóþùóþ îöåíêó:

N∑

i=1

∫ 1

0

ρ
(∂ui

∂t

)2
dx

N∑

i,j=1

νij

∫ 1

0

∂2ui

∂x2

∂2uj

∂x2
dx

+
1

2

d

dt

(
N∑

i=1

∫ 1

0

ρ
(∂ui

∂x

)2
dx+

N∑

i,j=1

νij

∫ 1

0

∂ui

∂x

∂uj

∂x
dx

)
> C1η

′(t) + ξ′(t).

Ñ ïîìîùüþ âñïîìîãàòåëüíîé îöåíêè

(
sup
(0,1)

|v|
)2

6

∫ 1

0

(∂v
∂x

)2
dx 6 2NC17ξ(t)e

C17η(t)

è íåðàâåíñòâà Êîøè, îöåíèì ñëåäóþùèå ñëàãàåìûå:

−
N∑

i=1

∫ 1

0

ρv
∂ui

∂t

∂ui

∂x
dx 6

C1

10
η′(t) + C19(C1, C17, N)ξ2(t)eC19η(t),

N∑

i=1

∫ 1

0

2ρv
∂ui

∂x

∂2ui

∂x2
dx 6

C1

10
η′(t) + C20(C1, C17, N)ξ2(t)eC20η(t).

Ïðèâëåêàÿ îöåíêó

(
sup
(0,1)

∣∣∣∣
∂ui

∂x

∣∣∣∣
)2

6 2

(∫ 1

0

(∂ui

∂x

)2
dx

) 1

2
(∫ 1

0

(∂2ui

∂x2

)2
dx

) 1

2

,

ñ ïîìîùüþ íåðàâåíñòâà Êîøè, (3.2) è (3.3) óñòàíîâèì, ÷òî

−
N∑

i=1

∫ 1

0

∂ρ

∂x

∂ui

∂t

∂ui

∂x
dx 6

C1

10
η′(t) + C21(C1, C17, C18, N)ξ(t)eC21η(t).

Ââåäåì ìîíîòîííóþ �óíêöèþ P(x) = 1 +

(
max

s∈[x−1,x]
P ′(s)

)2

. Òîãäà îñòàâ-

øèåñÿ ñëàãàåìûå â (3.4), âíîâü ïðèâëåêàÿ íåðàâåíñòâî Êîøè, (3.2) è (3.3),

îöåíèì ñëåäóþùèì îáðàçîì:

−
N∑

i=1

∫ 1

0

αi
∂P (ρ)

∂x

∂ui

∂t
dx 6

C1

10
η′(t)

+ C22(C1, C17, C18, N)eC22η(t)P
(
C17e

C17η(t)
)
,

N∑

i=1

∫ 1

0

αi
∂P (ρ)

∂x

∂2ui

∂x2
dx 6

C1

10
η′(t)

+ C23(C1, C18, N)eC23η(t)P
(
C17e

C17η(t)
)
.
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Îáîçíà÷èì ζ(t) =
C1

2
η(t) + ξ(t). Òîãäà èç âûøå óñòàíîâëåííûõ îöåíîê,

äëÿ ïîñòîÿííîé C24 = C24(C1, C17, C19, C20, C21, C22, C23), ïîëó÷èì

ζ ′(t) 6 F(ζ(t)), ãäå F(ζ(t)) = C24e
C24ζ(t)P

(
C24e

C24ζ(t)
)
. (3.5)

Ïóñòü [0, t0] åñòü ïðîìåæóòîê ñóùåñòâîâàíèÿ ðåøåíèÿ ñëåäóþùåé çà-

äà÷è Êîøè:





ϕ′(t) = F(ϕ(t)),

ϕ(0) =
(
‖ρ0‖L∞(0,1) +N max

16i,j6N
|νij|

) N∑
i=1

‖u′

0i‖2L2(0,1) + 1.

Òàêîå t0 âñåãäà ñóùåñòâóåò çà ñ÷åò íåïðåðûâíîñòè F , ïðè÷åì ýòà âåëè÷è-

íà çàâèñèò ëèøü îò âõîäíûõ äàííûõ çàäà÷è (1.1)-(1.4). Áîëåå òîãî, â ñèëó

ìîíîòîííîñòè F , (3.5) è íåðàâåíñòâà ζ(0) < ϕ(0), ñïðàâåäëèâî íåðàâåíñòâî
ζ(t) 6 ϕ(t) äëÿ âñåõ t ∈ [0, t0], è, â ñèëó ìîíîòîííîñòè ϕ, ïîëó÷àåì, ÷òî
ζ(t) 6 ϕ(t0). Íî òîãäà îöåíêà (3.1) ÿâëÿåòñÿ î÷åâèäíûì ñëåäñòâèåì ïîëó-

÷åííîãî íåðàâåíñòâà, (2.1), (3.2) è (3.3), ãäå C16 = C16(C1, C17, C18, N, t0,
ϕ(t0)). Ëåììà 3.1 äîêàçàíà.

� 4. Ñõîäèìîñòü ãàëåðêèíñêèõ ïðèáëèæåíèé

Äëÿ êàæäîãî n ∈ N ñóùåñòâóþò ðåøåíèÿ (ρn, un
1 , . . . , u

n
N) çàäà÷è (2.1)-

(2.3), îïðåäåëåííûå íà Qt0 = [0, t0]× [0, 1], äëÿ êîòîðûõ ñïðàâåäëèâà îöåí-
êà (3.1). Â ñèëó ýòîé îöåíêè ñóùåñòâóåò ïîäïîñëåäîâàòåëüíîñòü (êîòîðóþ

ïåðåîáîçíà÷èì êàê èñõîäíóþ; äàëåå, ëþáîé íåîáõîäèìûé ïåðåõîä ê ïîä-

ïîñëåäîâàòåëüíîñòè ïîíèìàåòñÿ òàêèì îáðàçîì), äëÿ êîòîðîé ïðè n → ∞
èìåþò ìåñòî ñõîäèìîñòè

ρn → ρ ∗ −ñëàáî â L∞
(
0, t0;W

1,2(0, 1)
)
,

un
i → ui ∗ −ñëàáî â L∞

(
0, t0;W

1,2(0, 1)
)
, i = 1, . . . , N,

un
i → ui ñëàáî â L2

(
0, t0;W

2,2(0, 1)
)
, i = 1, . . . , N.

Áîëåå òîãî, ñâîéñòâà (1.5) âûïîëíåíû äëÿ íàøåé ïîñëåäîâàòåëüíîñòè â

Qt0 ðàâíîìåðíî ïî n, ïîýòîìó, ïðåäåëüíûå �óíêöèè ïîïàäàþò â ñîîòâåò-

ñòâóþùèå êëàññû ãëàäêîñòè. Ïîêàæåì, ÷òî íàáîð �óíêöèé (ρ, u1, . . . , uN)
ÿâëÿåòñÿ ñèëüíûì ðåøåíèåì çàäà÷è (1.1)-(1.4). Èç ðàâíîìåðíûõ îöåíîê

ρn, un
i â L∞

(
0, t0;W

1,2(0, 1)
)
è

∂ρn

∂t
,

∂un
i

∂t
â L2(Qt0) ïîëó÷àåì, ïî òåîðåìå

Àñêîëè-Àðöåëà, ñõîäèìîñòè

ρn → ρ ïðè n → ∞ ñèëüíî â C
(
[0, t0];L

2(0, 1)
)
, (4.1)
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un
i → ui ïðè n → ∞ ñèëüíî â C

(
[0, t0];L

2(0, 1)
)
, i = 1, . . . , N. (4.2)

Èç îãðàíè÷åííîñòè un
i â L2(0, t0;W

2,2(0, 1))
⋂
L∞(0, t0;W

1,2(0, 1)),
∂un

i

∂t
â

L2(Qt0) ñëåäóþò, ïî òåîðåìå Îáåíà-Ëèîíñà (ñì., [29℄, ñ. 59), ñõîäèìîñòè

∂un
i

∂x
→ ∂ui

∂x
ïðè n → ∞ ñèëüíî â L2(Qt0), i = 1, . . . , N. (4.3)

C ïîìîùüþ (4.2) è (4.3) ïîëó÷àåì

un
i → ui ïðè n → ∞ ñèëüíî â L2

(
0, t0;C[0, 1]

)
, i = 1, . . . , N. (4.4)

Òàêèì îáðàçîì, ïðåäåëüíûå �óíêöèè ρ, ui, i = 1, . . . , N , óäîâëåòâîðÿþò

óðàâíåíèþ íåðàçðûâíîñòè (1.1) ïî÷òè âñþäó â Qt0 , â êîòîðîì v =
N∑

j=1

αjuj,

íà÷àëüíûì óñëîâèÿì (1.3) � äëÿ ïî÷òè âñåõ x ∈ (0, 1) è ãðàíè÷íûì óñëî-

âèÿì (1.4) � äëÿ ïî÷òè âñåõ t ∈ (0, t0).

Äàëåå, èç îãðàíè÷åííîñòè

∂un
i

∂t
â L2(Qt0) ñëåäóåò ñëàáàÿ ñõîäèìîñòü

∂un
i

∂t

ê

∂ui

∂t
â L2(Qt0), ÷òî âìåñòå ñ (4.1) è îãðàíè÷åííîñòüþ ρn

∂un
i

∂t
â L2(Qt0)

âëå÷åò

ρn
∂un

i

∂t
→ ρ

∂ui

∂t
ïðè n → ∞ ñëàáî â L2(Qt0), i = 1, . . . , N.

Â ñâîþ î÷åðåäü, èç (4.1) è (4.3) ñëåäóåò, ÷òî

ρn
∂un

i

∂x
→ ρ

∂ui

∂x
ïðè n → ∞ ñèëüíî â L2

(
0, t0;L

1(0, 1)
)
, i = 1, . . . , N,

îòêóäà, ñ ïîìîùüþ (4.4), ïîëó÷àåì äëÿ âñåõ i, j = 1, . . . , N ñõîäèìîñòè

ρnun
j

∂un
i

∂x
→ ρuj

∂ui

∂x
ïðè n → ∞ ñèëüíî â L1(Qt0). (4.5)

Â èòîãå, èç (2.2) ñëåäóåò, ÷òî äëÿ ëþáûõ �óíêöèé âèäà

ϕi =

M∑

k=1

Ψik(t) sin(πkx), M 6 n,

Ψis ∈ C[0, t0], i = 1, . . . , N, s = 1, . . . ,M,

(4.6)

âûïîëíåíû ðàâåíñòâà

∫ t0

0

∫ 1

0

(
ρn

∂un
i

∂t
+ ρnvn

∂un
i

∂x
+ αi

∂P (ρn)

∂x

−
N∑

j=1

νij
∂2un

j

∂x2

)
ϕi dxdt = 0, i = 1, . . . , N,
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â êîòîðûõ, ïåðåõîäÿ ê ïðåäåëó ïðè n → ∞, â ñèëó ïîëó÷åííûõ âûøå

ñõîäèìîñòåé è âñþäó ïëîòíîñòè �óíêöèé âèäà (4.6) â L2(Qt0), ïîëó÷àåì
ñïðàâåäëèâîñòü óðàâíåíèé áàëàíñà èìïóëüñîâ (1.2) äëÿ ïðåäåëüíûõ �óíê-

öèé ρ, ui, i = 1, . . . , N ïî÷òè âñþäó â Qt0 .

� 5. �ëîáàëüíîå ñóùåñòâîâàíèå ðåøåíèÿ

íà÷àëüíî-êðàåâîé çàäà÷è

Ñ ó÷åòîì âûøå äîêàçàííûõ ëåìì è ïðåäåëüíîãî ïåðåõîäà, èìååò ìåñòî

ëîêàëüíîå ïî âðåìåíè ñóùåñòâîâàíèå ñèëüíîãî ðåøåíèÿ çàäà÷è (1.1)-(1.4).

Äëÿ òîãî, ÷òîáû óñòàíîâèòü ñóùåñòâîâàíèå ðåøåíèÿ â öåëîì ïî âðåìå-

íè, íåîáõîäèìî ïîëó÷èòü äëÿ íåãî ðàâíîìåðíûå ïî t0 àïðèîðíûå îöåíêè.
Ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå.

Ëåììà 5.1. Â óñëîâèÿõ òåîðåìû 1.1 
óùåñòâóåò ïîëîæèòåëüíàÿ ïî-

ñòîÿííàÿ C25, çàâèñÿùàÿ ëèøü îò âõîäíûõ äàííûõ çàäà÷è (1.1)-(1.4), íî

íåçàâèñÿùàÿ îò t0, òàêàÿ, ÷òî èìååò ìåñòî àïðèîðíàÿ îöåíêà

N∑

i=1

(
‖ui‖L∞(0,T ;W 1,2(0,1)) + ‖ui‖L2(0,T ;W 2,2(0,1)) +

∥∥∥∥
∂ui

∂t

∥∥∥∥
L2(QT )

)

+ ‖ρ‖L∞(0,T ;W 1,2(0,1)) +

∥∥∥∥
∂ρ

∂t

∥∥∥∥
L∞(0,T ;L2(0,1))

+ ‖1/ρ‖L∞(QT ) 6 C25.

(5.1)

Äîêàçàòåëüñòâî. Ïåðåéäåì ê ìàññîâûì ëàãðàíæåâûì êîîðäèíàòàì. Â

êà÷åñòâå íåçàâèñèìûõ ïåðåìåííûõ âîçüìåì ïàðó (t, y), ãäå

y(t, x) =

∫ x

0

ρ(t, s)ds. Ââèäó (2.7), ÿêîáèàí ïåðåõîäà

∂(t, y)

∂(t, x)
= ρ íåâûðîæ-

äåí, áîëåå òîãî, x 7→ y(t, x) � ìîíîòîííî âîçðàñòàþùàÿ �óíêöèÿ äëÿ âñåõ

t ∈ [0, T ]. Ïîýòîìó, îòîáðàæåíèå (t, x) 7→ (t, y) îñóùåñòâëÿåò áèåêöèþ ìåæ-

äó îáëàñòüþ QT è ïðÿìîóãîëüíèêîì ΠT = (0, T )× (0, d), ãäå d =

∫ 1

0

ρ0dx.

Ââåäåì îáîçíà÷åíèå f̃(t, y) = f(t, x(t, y)) è ïîñ÷èòàåì ÷àñòíûå ïðîèçâîä-

íûå ïåðâîãî ïîðÿäêà â íîâûõ êîîðäèíàòàõ:

∂f

∂x
= ρ̃

∂f̃

∂y
,

∂f

∂t
=

∂f̃

∂t
− ρ̃ṽ

∂f̃

∂y
.
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Òîãäà çàäà÷à (1.1)-(1.4) ïðåîáðàçóåòñÿ ê âèäó

∂ρ̃

∂t
+ ρ̃2

∂ṽ

∂y
= 0, ṽ =

N∑

j=1

αj ũj, (5.2)

∂ũi

∂t
+ αi

∂P (ρ̃)

∂y
=

N∑

j=1

νij
∂

∂y

(
ρ̃
∂ũj

∂y

)
, i = 1, . . . , N, (5.3)

ρ̃|t=0 = ρ̃0(y), ũi|t=0 = ũ0i(y), y ∈ [0, d], i = 1, . . . , N, (5.4)

ũi|y=0 = ũi|y=d = 0, t ∈ [0, T ], i = 1, . . . , N. (5.5)

Ïðèñòóïèì ê âûâîäó àïðèîðíûõ îöåíîê. �àññìîòðèì �óíêöèþ

G(ρ) =

∫ ρ

d

∫ z

d

P ′(s)

s
ds dz > 0.

Ïîñêîëüêó ρG′(ρ) − G(ρ) = P (ρ) − P (d), íåñëîæíî ïðîâåðèòü, ÷òî G(ρ)
óäîâëåòâîðÿåò ðåíîðìàëèçîâàííîìó óðàâíåíèþ íåðàçðûâíîñòè

∂G(ρ)

∂t
+

∂

∂x

(
G(ρ)v

)
+
(
P (ρ)− P (d)

)∂v
∂x

= 0. (5.6)

Óìíîæèì óðàâíåíèÿ (1.2) íà ui, ïðîèíòåãðèðóåì ïî x è ïðîñóììèðóåì

ïî i, ïîëó÷èì ðàâåíñòâî

N∑

i=1

∫ 1

0

(
ρui

∂ui

∂t
+ ρuiv

∂ui

∂x
+ αiui

∂P (ρ)

∂x

)
dx =

N∑

i,j=1

νij

∫ 1

0

ui
∂2uj

∂x2
dx. (5.7)

Â ñèëó (1.1), (1.4) è (5.6), äëÿ ñëàãàåìûõ óðàâíåíèÿ (5.7) ñïðàâåäëèâû

ñëåäóþùèå ñîîòíîøåíèÿ:

N∑

i=1

∫ 1

0

(
ρ
∂ui

∂t
+ ρv

∂ui

∂x

)
ui dx =

1

2

d

dt

N∑

i=1

∫ 1

0

ρu2
i dx,

N∑

i=1

αi

∫ 1

0

ui
∂P (ρ)

∂x
dx = −

∫ 1

0

P (ρ)
∂v

∂x
dx =

d

dt

∫ 1

0

G(ρ) dx,

−
N∑

i,j=1

νij

∫ 1

0

ui
∂2uj

∂x2
dx =

N∑

i,j=1

νij

∫ 1

0

∂ui

∂x

∂uj

∂x
dx > C1

N∑

i=1

∫ 1

0

(∂ui

∂x

)2
dx.

Òàêèì îáðàçîì, ñ ïîìîùüþ ýòèõ ñîîòíîøåíèé, èç ðàâåíñòâà (5.7), ïîñëå

èíòåãðèðîâàíèÿ ïî t, ïîëó÷àåì ïåðâóþ àïðèîðíóþ îöåíêó

N∑

i=1

∫ 1

0

ρu2
idx+

∫ 1

0

G(ρ)dx+
N∑

i=1

∫ T

0

∫ 1

0

(∂ui

∂x

)2
dxdt 6 C26, (5.8)
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ãäå C26 = C26

(
C1, {‖ρ0u2

0i‖L1(0,1)}, ‖G(ρ0)‖L1(0,1)

)
. Çàìåòèì, ÷òî èç (5.8) ñëå-

äóåò íåðàâåíñòâî

N∑

i=1

∫ T

0

(
sup

x∈[0,1]

|ui|
)2

dt 6 C26. (5.9)

Óðàâíåíèÿ (5.3) ïåðåïèøåì â âåêòîðíîé �îðìå è óìíîæèì ðåçóëüòàò

íà îáðàòíóþ ìàòðèöó N

−1 = {ν̃ij}, çàòåì óìíîæèì íà αi, è ïðîñóììèðóåì

ïî i, ïîëó÷èì

N∑

i,j=1

ν̃ijαi
∂ũj

∂t
+ K̃

∂P (ρ̃)

∂y
=

∂

∂y

(
ρ̃
∂ṽ

∂y

)
, (5.10)

ãäå K̃ =

N∑

i,j=1

ν̃ijαiαj > 0. Èç óðàâíåíèÿ (5.2) âûðàçèì ρ̃
∂ṽ

∂y
= −∂ ln ρ̃

∂t
,

ïîäñòàâèì â (5.10), óìíîæèì ðåçóëüòàò íà

∂ ln ρ̃

∂y
è ïðîèíòåãðèðóåì ïî y,

ïîëó÷èì ðàâåíñòâî

1

2

d

dt

∫ d

0

(
∂ ln ρ̃

∂y

)2

dy + K̃

∫ d

0

ρ̃P ′(ρ̃)

(
∂ ln ρ̃

∂y

)2

dy

= −
N∑

i,j=1

ν̃ijαi

∫ d

0

∂ũj

∂t

∂ ln ρ̃

∂y
dy.

(5.11)

Ïðàâàÿ ÷àñòü äàííîãî ðàâåíñòâà, ñ ó÷åòîì (5.2), äîïóñêàåò ïðåîáðàçîâàíèå

−
N∑

i,j=1

ν̃ijαi

∫ d

0

∂ũj

∂t

∂ ln ρ̃

∂y
dy = −

N∑

i,j=1

ν̃ijαi
d

dt

∫ d

0

ũj
∂ ln ρ̃

∂y
dy

+

N∑

i,j=1

ν̃ijαi

∫ d

0

ρ̃
∂ũj

∂y

∂ṽ

∂y
dy,

ñ ïîìîùüþ êîòîðîãî èç (5.11), ïîñëå èíòåãðèðîâàíèÿ ïî t, ïðèõîäèì ê

ñîîòíîøåíèþ

1

2

∫ d

0

(
∂ ln ρ̃

∂y

)2

dy + K̃

∫ t

0

∫ d

0

ρ̃P ′(ρ̃)

(
∂ ln ρ̃

∂y

)2

dydτ

= −
N∑

i,j=1

ν̃ijαi

∫ d

0

ũj
∂ ln ρ̃

∂y
dy +

N∑

i,j=1

ν̃ijαi

∫ d

0

ũ0j
d ln ρ̃0
dy

dy

+
1

2

∫ d

0

(
d ln ρ̃0
dy

)2

dy +
N∑

i,j=1

ν̃ijαi

∫ t

0

∫ d

0

ρ̃
∂ũj

∂y

∂ṽ

∂y
dydτ.

(5.12)
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Èìååì, áëàãîäàðÿ íåðàâåíñòâó Êîøè, îöåíêè

−
N∑

i,j=1

ν̃ijαi

∫ d

0

ũj
∂ ln ρ̃

∂y
dy 6

1

4

∫ d

0

(
∂ ln ρ̃

∂y

)2

dy

+ C27({ν̃ij}, N)
N∑

i=1

∫ d

0

ũ2
idy,

N∑

i,j=1

ν̃ijαi

∫ t

0

∫ d

0

ρ̃
∂ũj

∂y

∂ṽ

∂y
dydτ 6 C28({ν̃ij}, N)

N∑

i=1

∫ t

0

∫ d

0

ρ̃
(∂ũi

∂y

)2
dydτ,


 ïîìîùüþ êîòîðûõ, ïîëüçóÿñü (5.8) è (5.9) (ïðè íåîáõîäèìîñòè ïåðåïè-

ñàííûõ â ëàãðàíæåâûõ êîîðäèíàòàõ), èç (5.12) ïîëó÷àåì íåðàâåíñòâî

∫ d

0

(
∂ ln ρ̃

∂y

)2

dy +

∫ T

0

∫ d

0

ρ̃P ′(ρ̃)

(
∂ ln ρ̃

∂y

)2

dydt 6 C29. (5.13)

ãäå C29 = C29

(
C26, C27, C28, inf

[0,d]
ρ̃0, ‖ρ̃0‖W 1,2(0,d), {‖ũ0i‖W 1,2(0,d)}, {ν̃ij}, K̃, N

)
.

Äàëåå, èç (5.2) è (5.5) ñëåäóåò, ÷òî

d

dt

∫ d

0

(1
ρ̃

)
dy = 0,

ïîýòîìó, äëÿ êàæäîãî t ∈ [0, T ] íàéäåòñÿ y∗(t) ∈ [0, d], äëÿ êîòîðîãî âû-

ïîëíåíî

ρ̃(t, y∗(t)) = d. (5.14)

Èñïîëüçóÿ òåïåðü ïðåäñòàâëåíèå

ln ρ̃(t, y) = ln ρ̃(t, y∗(t)) +

∫ y

y∗(t)

∂ ln ρ̃(t, s)

∂s
ds,

ñ ó÷åòîì (5.13), (5.14) è íåðàâåíñòâà �åëüäåðà, ïîëó÷èì

| ln ρ̃(t, y)| 6 | ln d|+
√
d

∥∥∥∥
∂ ln ρ̃

∂y

∥∥∥∥
L2(0,d)

,

îòêóäà íåïîñðåäñòâåííî ñëåäóåò ñóùåñòâîâàíèå ïîñòîÿííîé C30 = C30(C29, d),
òàêîé ÷òî

C−1
30 6 ρ̃ 6 C30,

ISSN 1560-750X (Print) ISSN 3033-8271 (Online)

Ìàòåìàòè÷åñêèå òðóäû, 2026, Òîì 29, � 3, C. 192-225

Mat. Trudy, 2026, V. 29, N. 3, P. 192-225



Ìàêàðîâ Â.À., Ïðîêóäèí Ä.À. 215

à çíà÷èò

C−1
30 6 ρ 6 C30. (5.15)

Ñ ïîìîùüþ (5.13) è (5.15) íåñëîæíî òåïåðü ïîëó÷èòü îöåíêó

∫ 1

0

(∂ρ
∂x

)2
dx 6 C31(C29, C30). (5.16)

Ââåäåì â ðàññìîòðåíèå âåëè÷èíó

θ(t) =
N∑

i,j=1

νij

∫ 1

0

∂ui

∂x

∂uj

∂x
dx+

N∑

i=1

∫ t

0

∫ 1

0

(
ρ
(∂ui

∂τ

)2

+
1

ρ

( N∑

j=1

νij
∂2uj

∂x2

)2
)
dxdτ.

Âîçâåäåì óðàâíåíèÿ (1.2) â êâàäðàò, ïîäåëèì íà ρ è ïðîñóììèðóåì ïî i,
ïîëó÷èì

N∑

i=1

ρ
(∂ui

∂t

)2
+

N∑

i=1

1

ρ

(
N∑

j=1

νij
∂2uj

∂x2

)2

− 2
N∑

i,j=1

νij
∂ui

∂t

∂2uj

∂x2

=
N∑

i=1

ρ

(
v
∂ui

∂x
+

αi

ρ

∂P (ρ)

∂x

)2

.

(5.17)

Â ñèëó ñèììåòðè÷íîñòè N, èç ñîîòíîøåíèÿ (5.17), ïîñëå èíòåãðèðîâàíèÿ

ïî x, ñëåäóåò, ÷òî

θ′(t) =
N∑

i=1

∫ 1

0

ρ

(
v
∂ui

∂x
+

αi

ρ

∂P (ρ)

∂x

)2

dx,

îòêóäà, âíîâü ïðèâëåêàÿ íåðàâåíñòâî Êîøè, èìååì

θ′(t) 6

N∑

i=1

∫ 1

0

2ρv2
(∂ui

∂x

)2
dx+

N∑

i=1

∫ 1

0

2

ρ

(∂ρ
∂x

)2(
P ′(ρ)

)2
dx,

è ñëåäîâàòåëüíî, ñ ó÷åòîì (5.15) è (5.16), óñòàíàâëèâàåì

θ′(t) 6
2C30N

C1

(
N∑

i=1

‖ui‖2L∞(0,1)

)
θ(t) + 2NC30C31

(
max

[C−1

30
,C30]

P ′

)2
.
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Ïðèìåíÿÿ íåðàâåíñòâî �ðîíóîëëà, èç ïîëó÷åííîãî âûøå ñîîòíîøåíèÿ ïî-

ëó÷àåì îöåíêó

N∑

i=1

∫ 1

0

(∂ui

∂x

)2
dx+

N∑

i=1

∫ T

0

∫ 1

0

(∂ui

∂t

)2
dxdt

+
N∑

i=1

∫ T

0

∫ 1

0

(∂2ui

∂x2

)2
dxdt 6 C32,

(5.18)

ãäå C32 = C32

(
C1, C26, C30, C31, max

[C−1

30
,C30]

P ′, {‖u′

0i‖L2(0,1)},N, N, T
)
. Íàêîíåö,

èç óðàâíåíèÿ (1.1) è îöåíîê (5.15), (5.16) è (5.18) íåñëîæíî ïîëó÷èòü, ÷òî

∫ 1

0

(∂ρ
∂t

)2
dx 6 C33(C30, C31, C32, N).

Â èòîãå, íàëè÷èå âûøåóñòàíîâëåííîé îöåíêè, âìåñòå ñ (5.15), (5.16) è

(5.18), ãàðàíòèðóåò ñóùåñòâîâàíèå êîíñòàíòû C25 = C25(C30, C31, C32, C33,

N, T ), çàâèñÿùåé ëèøü îò âõîäíûõ äàííûõ çàäà÷è (1.1)-(1.4), íî íå îò

ìàëîãî ïàðàìåòðà t0, äëÿ êîòîðîé èìååò ìåñòî àïðèîðíàÿ îöåíêà (5.1).

Ëåììà 5.1 äîêàçàíà.

� 6. Åäèíñòâåííîñòü ðåøåíèÿ

Ââèäó îáîñíîâàííîãî ëîêàëüíîãî ñóùåñòâîâàíèÿ ðåøåíèÿ íà÷àëüíî-

êðàåâîé çàäà÷è (1.1)-(1.4) è äîêàçàííîé âûøå àïðèîðíîé îöåíêè, äàííîå

ðåøåíèå ñóùåñòâóåò â öåëîì ïî âðåìåíè. �àññìîòðèì âîïðîñ î åäèíñòâåí-

íîñòè ýòîãî ðåøåíèÿ.

Ëåììà 6.1. Ñèëüíîå ðåøåíèå íà÷àëüíî-êðàåâîé çàäà÷è (1.1)-(1.4) åäèí-

ñòâåííî.

Äîêàçàòåëüñòâî. Ïóñòü

(
ρ(1), u

(1)
1 , . . . , u

(1)
N

)
è

(
ρ(2), u

(2)
1 , . . . , u

(2)
N

)
� äâà

ðåøåíèÿ íà÷àëüíî-êðàåâîé çàäà÷è (1.1)-(1.4). Ïîëîæèì ui = u
(1)
i − u

(2)
i ,

i = 1, . . . , N , v(1,2) =

N∑

j=1

αju
(1,2)
j , v = v(1)− v(2), ρ = ρ(1)−ρ(2). Èç óðàâíåíèé

(1.1) è (1.3) ïîëó÷èì ðàâåíñòâà

∂ρ

∂t
+

∂
(
ρv(1)

)

∂x
+

∂
(
ρ(2)v

)

∂x
= 0, ρ|t=0 = 0.

ISSN 1560-750X (Print) ISSN 3033-8271 (Online)

Ìàòåìàòè÷åñêèå òðóäû, 2026, Òîì 29, � 3, C. 192-225

Mat. Trudy, 2026, V. 29, N. 3, P. 192-225



Ìàêàðîâ Â.À., Ïðîêóäèí Ä.À. 217

Óìíîæàÿ ïåðâîå ðàâåíñòâî íà 2ρ è èíòåãðèðóÿ ïî x, ïðèõîäèì ê ñîîòíî-

øåíèþ

d

dt

∫ 1

0

ρ2 dx = −
∫ 1

0

(
ρ2

∂v(1)

∂x
+ 2ρ(2)ρ

∂v

∂x
+ 2ρv

∂ρ(2)

∂x

)
dx. (6.1)

Ñëàãàåìûå â ïðàâîé ÷àñòè (6.1) äîïóñêàþò ñëåäóþùèå îöåíêè:

−
∫ 1

0

ρ2
∂v(1)

∂x
dx 6




N∑

j=1

∥∥∥∥∥
∂u

(1)
j

∂x

∥∥∥∥∥
L∞(0,1)



∫ 1

0

ρ2 dx,

− 2

∫ 1

0

ρ(2)ρ
∂v

∂x
dx 6

∥∥ρ(2)
∥∥2
L∞(QT )

∫ 1

0

ρ2 dx+N

N∑

j=1

∫ 1

0

(∂uj

∂x

)2
dx,

− 2

∫ 1

0

ρv
∂ρ(2)

∂x
dx 6

∫ 1

0

ρ2 dx+

∥∥∥∥
∂ρ(2)

∂x

∥∥∥∥
2

L∞

(
0,T ;L2(0,1)

) ‖v‖2L∞(0,1)

6

∫ 1

0

ρ2 dx+N

∥∥∥∥
∂ρ(2)

∂x

∥∥∥∥
2

L∞

(
0,T ;L2(0,1)

)
N∑

j=1

∫ 1

0

(∂uj

∂x

)2
dx.

Ïîñêîëüêó ρ(2) è u
(1)
i óäîâëåòâîðÿþò âêëþ÷åíèÿì (1.5), ñïðàâåäëèâî íåðà-

âåíñòâî

d

dt

∫ 1

0

ρ2 dx 6 B1








∥∥∥∥∥
∂u

(1)
i

∂x

∥∥∥∥∥
L∞(0,1)



 , ‖ρ(2)‖L∞(QT )



∫ 1

0

ρ2 dx

+ C34

(∥∥∥∥
∂ρ(2)

∂x

∥∥∥∥
L∞

(
0,T ;L2(0,1)

) , N
)

N∑

j=1

∫ 1

0

(∂uj

∂x

)2
dx,

ãäå B1 ∈ L2(0, T ). Ïîýòîìó, ïðèâëåêàÿ íåðàâåíñòâî �ðîíóîëëà, ïîëó÷àåì

îöåíêó

∫ 1

0

ρ2 dx 6 C35(‖B1‖L1(0,T ), C34)
N∑

j=1

∫ t

0

∫ 1

0

(∂uj

∂x

)2
dxdτ. (6.2)
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Äàëåå, èç óðàâíåíèé (1.2) è êðàåâûõ óñëîâèé (1.4) ñëåäóåò ðàâåíñòâî

d

dt

(
1

2

N∑

i=1

∫ 1

0

ρ(1)u2
i dx+

N∑

i,j=1

νij

∫ t

0

∫ 1

0

∂ui

∂x

∂uj

∂x
dxdτ

)

=

∫ 1

0

(
P (ρ(1))− P (ρ(2))

)∂v
∂x

dx−
N∑

i=1

∫ 1

0

ρui
∂u

(2)
i

∂t
dx

−
N∑

i=1

∫ 1

0

ρ(1)vui
∂u

(2)
i

∂x
dx−

N∑

i=1

∫ 1

0

ρv(2)ui
∂u

(2)
i

∂x
dx.

(6.3)

Ñëàãàåìûå â ïðàâîé ÷àñòè (6.3), ââèäó íåðàâåíñòâà Êîøè, äîïóñêàþò ñëå-

äóþùèå îöåíêè:

∫ 1

0

(
P (ρ(1))− P (ρ(2))

)∂v
∂x

dx 6
C1

4

N∑

i=1

∫ 1

0

(∂ui

∂x

)2
dx

+ C36

(
C1, max

[C−1

25
,C25]

P ′, N
) N∑

i=1

∫ 1

0

ρ2 dx,

−
N∑

i=1

∫ 1

0

ρui
∂u

(2)
i

∂t
dx 6

C1

4

N∑

i=1

∫ 1

0

(∂ui

∂x

)2
dx

+B2


C1,






∥∥∥∥∥
∂u

(2)
i

∂t

∥∥∥∥∥
L2(0,1)









N∑

i=1

∫ 1

0

ρ2 dx,

−
N∑

i=1

∫ 1

0

ρ(1)vui
∂u

(2)
i

∂x
dx 6 B3









∥∥∥∥∥
∂u

(2)
i

∂x

∥∥∥∥∥
L∞(0,1)



 , N




N∑

i=1

∫ 1

0

ρ(1)u2
i dx,

−
N∑

i=1

∫ 1

0

ρv(2)ui
∂u

(2)
i

∂x
dx 6 C37

({
‖u(2)

i ‖L∞(QT )

}
, N
) N∑

i=1

∫ 1

0

ρ2 dx

+B4



∥∥∥∥

1

ρ(1)

∥∥∥∥
L∞(QT )

,






∥∥∥∥∥
∂u

(2)
i

∂x

∥∥∥∥∥
L∞(0,1)









N∑

i=1

∫ 1

0

ρ(1)u2
i dx,

ãäå B2, B4 ∈ L1(0, T ),B3 ∈ L2(0, T ). Ïîýòîìó, áëàãîäàðÿ ðàíåå äîêàçàííîìó
ñîîòíîøåíèþ (6.2) è ïîëîæèòåëüíîé îïðåäåëåííîñòè N, èç (6.3) ñëåäóåò
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íåðàâåíñòâî

N∑

i=1

∫ 1

0

ρ(1)u2
i dx+

N∑

i=1

∫ t

0

∫ 1

0

(∂ui

∂x

)2
dxdτ

6

∫ t

0

B5(C1, C35, C36, C37, B2, B3, B4, N)

(
N∑

i=1

∫ 1

0

ρ(1)u2
i dx

+
N∑

i=1

∫ τ

0

∫ 1

0

(∂ui

∂x

)2
dxds

)
dτ,

ãäå B5 ∈ L1(0, T ). Îòñþäà, èñïîëüçóÿ íåðàâåíñòâî �ðîíóîëëà, ïîëó÷àåì,

÷òî ρ = 0, ui = 0, i = 1, . . . , N â L2(QT ). Òàêèì îáðàçîì, ëþáûå äâà ðåøå-

íèÿ íà÷àëüíî-êðàåâîé çàäà÷è (1.1)-(1.4) ñîâïàäàþò ïî÷òè âñþäó â QT . Ýòè

ðàññóæäåíèÿ çàâåðøàþò äîêàçàòåëüñòâî ëåììû 6.1 è òåîðåìû 1.1.

� 7. Çàêëþ÷åíèå

Äëÿ ñèñòåìû äè��åðåíöèàëüíûõ óðàâíåíèé áàðîòðîïíîé äèíàìèêè

ñæèìàåìûõ âÿçêèõ ìíîãîêîìïîíåíòíûõ ñðåä ñ íåäèàãîíàëüíîé, ñèììåò-

ðè÷íîé è ïîëîæèòåëüíî îïðåäåëåííîé ìàòðèöåé âÿçêîñòåé ïîñòàâëåíà

íà÷àëüíî-êðàåâàÿ çàäà÷à è ïðîâåäåíî îáîñíîâàíèå ñóùåñòâîâàíèÿ è åäèí-

ñòâåííîñòè ðåøåíèÿ äàííîé çàäà÷è.
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